The vibration and stability analysis of uniform beams supported on two-parameter elastic foundation are performed. The second foundation parameter is a function of the total rotation of the beam. The effects of axial force, foundation stiffness parameters, transverse shear deformation and rotatory inertia are incorporated into the accurate vibration analysis. The work shows very important question of relationships between the parameters describing the beam vibration, the compressive force and the foundation parameters. For the free supported beam, the exact formulas for the natural vibration frequencies, the critical forces and the formula defi ning the relationship between the vibration frequency and the compressive forces are derived. For other conditions of the beam support conditional equations were received. These equations determine the dependence of the frequency of vibration of the compressive force for the assumed parameters of elastic foundation and the slenderness of the beam.
INTRODUCTION
The stability and dynamic analyses of beams or beam-columns belong to the classical problems of the structural mechanics [the base items [1] [2] [3] . These analyses are carried out by using Bernoulli-Euler beam theory for the case of slender beams or Timoshenko theory for stocky beams (the beams with small length-to-depth ratio). In the fi rst one, straight lines or planes normal to the neutral beam axis remain straight and normal after deformation, in the second one, the infl uence of transverse shear deformation and rotatory inertia is considered [4, 5] . These models fairly realistically describe the behavior of the beams, but the description of subsoil and its interaction with a beam resting on it is not easy.
The soil-structure interaction problems occupy an important place in many fi elds of structural and foundation engineering, e.g. in the analysis of building, geotechnical, highway, and railroad structures, submerged pipes, etc. For over a century, various physical and mathematical foundation models, approximating the real behavior, were formulated. These foundations are characterized by one, two or more parameters [6, 7] .
The oldest, most frequently used model, was formulated in 1867 by Winkler [8] . In that model, the beam-supporting soil is modeled as a series of closely spaced, mutually independent, linear elastic vertical springs which, evidently, provide resistance in direct proportion to the defl ection of the beam. In the Winkler model, the properties of the soil are described by only one parameter, which represents the stiffness of the vertical spring. Although the model represents the simplest form of elastic foundation, in most practical applications, it is used to model soil behavior. Timoshenko and Gere [2] proposed a solution for simply supported uniform beams resting on the Winkler type foundation. Free vibration and stability analysis of beams resting on the Winkler foundation was studied in Refs [9] [10] [11] [12] . The post-critical loads for Euler and Beck columns resting on the elastic foundation were presented in Ref. [13] . In Ref. [14] , the thermal buckling and post-buckling of a pinned-fi xed beam was investigated. The vibration and stability analyses of an infi nite Bernoulli-Euler beam and an infi nite shear beam-column resting on the Winkler-type elastic foundation, by using a Fourier transform, were performed by Kim [15, 16] . In those papers, the analyses were carried out for the system subjected to a static axial force and a moving load with either constant or harmonic amplitude variations. In Ref. [17] , a beam on equidistant elastic supports was considered as a beam on the elastic foundation in static and free vibration problems.
Many researchers have aimed to generalize and improve the Winkler model frequently adopted to solve soil-structure interaction problems. More realistic hypothesis is considered in the elastic foundation model with two parameters. The most commonly used foundation models include the following: the Pasternak model [18] , the Filonienko-Borodich model [19] , and the Vlasov-Leontiev model [20] . In those models, the fi rst parameter represents the stiffness of the vertical spring, as in the Winkler model, whereas the second parameter is introduced to account for the coupling effect of the linear springs. In the fi rst case, the second parameter can be considered as the shear stiffness of a shear layer and in the second -as the tension in an elastic membrane connecting the top ends of the Winkler springs. The last model consists of an elastic layer resting on the non-deformable base. The analysis using Vlasov model was examined in Refs [21] [22] [23] .
The analysis of a beam resting on two-parametrical elastic foundation has been conducted by many authors [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . A majority of them employed a fi nite element formulation to perform analyses. For example, Naidu and Rao were concerned with the stability analysis [24] and the vibration behavior [25] of the Bernoulli-Euler beam resting on the modifi ed Pasternak model. The effect of the elastic foundation on buckling loads for various end boundaries was examined in those papers. The fi nite element technique for determining the vibration characteristics of a Bernoulli-Euler and Timoshenko beam was also used by Yokoyama [26] . In that work, the effect of axial force, foundation stiffness parameters, transverse shear deformation and rotatory inertia were incorporated into the fi nite element model. In Ref. [27] approximate explicit formulas for the fundamental natural vibration frequency of Timoshenko beams mounted on the Pasternak foundation were derived. The dynamic stiffness matrix and the load vector of the Timoshenko beam-column resting on the two-parameter elastic foundation with generalized end condition were presented in Ref. [28] . The static, dynamic and stability behavior of framed structures made of beam-columns were analyzed in that paper. Free vibration frequencies of Timoshenko beams on two-parameter elastic foundation were examined by Rosa [29] for two different models. In the fi rst model, the second foundation parameter is assumed to be a function of the fl exural rotation, whereas in the second model, it is assumed to be a function of the global cross-section rotation. Studies of analytical considerations of stability and vibration are generally not readily available in the literature.
The purpose of this article is to present a general formulation for the vibration and stability problems of beams with various boundary conditions, supported on two-parameter elastic foundation. The second foundation parameter is a function of the total rotation of the beam, like in Ref. [29] . The effects of the shear deformation, rotatory inertia and the foundation parameters on the frequency and critical loads of the beam are discussed in detail. Wherein, it should be stressed that the relationship between the parameters describing the beam vibration, the compressive force and the foundation parameters will be considered. Consider a beam of initial length l, axially compressed with force S, resting on the elastic foundation, as shown in Figure 1 . In the presented formulation, it is assumed that: (1) the beam is made of an isotropic homogenous linear elastic material with the Young's modulus E, the shear modulus G, the Poisson's ratio υthe transverse cross-section of the beam is doubly symmetric with respect to the height of beam h, the area A, the moment of inertia J; (3) the beam has uniform mass density ρ per unit length; (4) the shear coeffi cient depending on the shape of cross-section κis taken into account; (5) the central axis is a straight line; (6) the vibration amplitudes of the beam are suffi ciently small; (7) the damping of the foundation are negligible; (8) (2.1)
The effect of the rotatory inertia is expressed by:
The section forces can be expressed by the defl ection and rotation function as follows:
The elastic foundation is idealized as a constant two-parameter model characterized by two moduli, i.e. the vertical foundation modulus k w (the Winkler parameter) and the horizontal foundation modulus k u . In the case k u = 0, this model is reduced to the usual Winkler model. The foundation response is taken into account as the vertical ground reaction, proportional to the vertical displacement
and the horizontal reaction proportional to the horizontal displacement of the extreme fi bres of the beam
. This effect is taken into account in the form of the bending moment:
where
The dynamic equilibrium on the differential element of the beam is shown in Figure 2 . Assuming a small curvature in the current confi guration (2.13)
where ω is the circular vibration frequency, and substituting into (2.11), the differential equation of the motion of the harmonic amplitudes is obtained: 
The roots (2.19) depend on the relationships between the coeffi cients 2X and Y.
THE ANALYSIS OF THE RESULTING SOLUTION
In the orthogonal coordinate system 2X,Y (Figure 3 
THE DETERMINATION OF THE EIGENVALUES
Analyzing the differential equation (2.14), among the derived expansion functions, the expressions can be distinguished that describe the defl ected function of the beam under free vibrations or under buckling. In both cases, it is the function (2.29). Four integration constants C i appearing in the (2.29) are to be calculated by imposing the boundary conditions. For the simply supported beam, boundary conditions: The condition, from which we determine the eigenvalues, is resetting the primary determinant of equations (2. (Table 1) . The effects of shear deformation on non-dimensional frequencies of vibration λ and critical forces σ are shown in Figure 4 . For beams with large slenderness ratios (the smaller ζ, the transverse shear has little effect. Thus, the Bernoulli-Euler beam theory can accurately predict the frequencies and critical forces. For beams with small slenderness ratios (the largest ζ, the frequency and critical force are signifi cantly smaller than predicted by the Bernoulli-Euler theory. For example, the fi rst three frequencies are more than 4%, 14% and 27% lower than those given by Bernoulli-Euler theory for ζ = 0.0182 and in the cases of the fi rst three critical forces are more than 8%, 31% and 61%. It should also be noted that the infl uence of shear deformation on the next eigenvalues increases. The effect of elastic foundations parameters on the critical values and frequencies of vibration are shown in Figure 5 . The results show that the foundation parameters significantly affect values  and  for beams with large slenderness ratios (the smaller ζFor example, for ζ = 0.0014, the fundamental frequency and the fi rst critical force are more than 32% and 54% higher than those given without considering the impact of elastic foundation. For ζ = 0.0182, differences in eigenvalues are 2% and 4%. It can be seen that the impact is lower while determining the frequency of vibration. The infl uence of elastic foundation on the next eigenvalues decreases. It is possible to determine the dependence for vibration frequency of the compressive force for two cases ζ = 0.0014 ( Figure 6a ) and ζ = 0.015 (Figure 6b ) on the basis of the formula (2.59). As the compressive force increases, the beam vibrations decrease and the critical value stops the beam vibrating. It is the dependence of bifurcation. The effect of rotational inertia on non-dimensional fundamental frequencies of vibration λ is shown in Figure 7a . The effect is small, as for example, for ζ = 0.0182 the fi rst frequency is about 1% lower than that given without considering the rotational inertia. But if the rotational inertia is accounted for, the second natural frequency band is received (Figure 7b ). The infl uence of elastic foundation for this band is insignifi cant (0.01%).
EXAMPLE 2
In the second example, the three exact frequency parameters of the beam are determined. Four kinds of end conditions, i.e. simply supported (Table 2) , clamped-hinged (Table 3) , clamped-clamped (Table 4 ) and cantilever beam (Table 5 ) are consider in this study. For the fi rst case, solutions were calculated directly from the analytical closed form expression (2.43) 1 and (2.45), for others -from equations (2.46)-(2.48), assuming σ = 0. The beams resting on Winkler foundation (λ w ), on two-parametrical foundation (λ w , λ φ ) and with no elastic foundation to rest on are considered.
The following mechanical and geometric properties of Timoshenko beam used by Yokoyama [26] are chosen for the analysis: the Poisson's ratio ν = 0.25, the shear coeffi cient: κ = 1.2 (for rectangular cross-section), the slenderness ratio:
Consequently, the shear deformation parameter is: ζ = 0.03. The foundation parameters λ w = 0.88π and λ φ = 1 are assumed.
For Bernoulli-Euler beam, frequency parameters were obtained assuming ζ = 0 (the effect of shear deformation was disregarded) and n = 0 (the effect of rotatory inertia was disregarded). The results received in this way are known from literature. This proves the formulas developed in this paper are correct. For Timoshenko beams, the frequency parameters are signifi cantly smaller than those obtained for the Bernoulli-Euler beams. The biggest differences are found for the case of clamped-clamped beam. The fi rst three frequency are over 26%, 46% and 61% lower than those given for Bernoulli-Euler beam. This also proves that shear deformation and rotational inertia produce an increasing effect on the next values. It is very important the infl uence of rotational inertia on non-dimensional fundamental frequencies of vibration is small (of an order of 2%). The biggest effect is produced for the hinged-hinged beam and the smallest for the clamped-clamped beam.
If the beams resting on elastic foundation are considered, the frequency parameters will be higher than those obtained for beams with no elastic foundation to rest on. The effect is the biggest for the hinged-hinged beam and the smallest for the clampedclamped beam. In the fi rst case, the fi rst frequency is over 17% higher than that given without considering the impact of elastic foundation and in the second -8%. The decreasing effect on the next frequencies is observed.
No matter what the conditions of the beam support are, the infl uence of the second foundation parameter, which is a function of the total rotation of the beam, is small.
CONCLUSIONS
The vibrations and stability of uniform beams resting on continuous two-parameter elastic foundation were studied. The equation of motion for Timoshenko and Bernoulli-Euler beam was derived. The relationships between the parameters describing vibration, the compressive force and the foundation parameters were investigated.
Using analytical formulas developed in this paper, it was possible to obtain the non-dimensional parameters σ and λ, which describe the critical force and vibration frequencies. The individual effect of foundation stiffness parameters, transverse shear deformation and rotatory inertia on eigenvalues of the beam can be examined by performing a parametric study.
